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CALCUL INTEGRAL

Jx”dx=ix“+1+c, n -1 J'(ax+b)"dx: L (ax+b)™+c, n =1
n+1 a(n+1)
e Exemples :
i. J-XZdX:lX3+C il. I%dx:jx’sdxzix’%l = ix’zz -i2+c
3 X -3+1 -2 2X
1 4
iii. '[fdx '[x 3dx-— 1:%x3=§3x4+c
f_}_l _
3 3
1 Y, 1 4a 1.3 4
iv L—dx:_[x 4dx = X :§x4:—4x3+c
Ix —Z+1 1 3

1 1
V. | (2x+1)%dx= —— (2x+1)3+c = = (2x+1)*+c
J@1)dx= = (x+1) 4o = (2x+1)

vi. | (xs2)le= ! (-x+2)3+c:—%(-x+2)3+c

~1)-3

4, 7
vii. J'x\/_dx J'x x3dx = Ix/dx—i 31:1x3=$3x7+c

£+1 Z
3 3
[ = dx=Injxl+c [ 1 ax= Linjax+bl+c
ax+b a
e Exemples:
i Iidx: 1In|3x-1|+c ii. dez i|n| X+3[+C = —In|-x+3[+¢
3x-1 3 -X+3 (-1)
1
X X eax+bdX:_eax+b+C
Ie dx=e”+c I 3
e Exemples:
. J‘e3x+2dx=£e3”2+c ii. [edx=-e+c ii. [ ehdx=— e = 2¢7" +c

2

1
.fa dx:—a +C
Ina
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CALCUL INTEGRAL

e Exemples:
i, [3dx=—L 3 4c . .[32de-— Laoie
In3
: - jsin(ax+b)dx: - lcos(ax+b)+c
Ism(x)dx- - cos(X)+c a
— qi _fcos(ax+b)dx= Esin(ax+b)+c
I cos(x)dx= sin(x)+c a
e Exemples:

i. j sin(-3x+1)dx= - %cos(—3x+1)+c = %cos(—3x+1)+c

ii. J'cos(gﬂj

dx= =sin

L (§+2j =33in(§+2)+c
u 3 3

1
-[ cos?(X)

dx= tan(x)+c

_[ #dx— -cotan(x)+c
sin®(x)

Intégration par parties:

[u'(x)v(x)dxz u(x)v(x) - (u(x)v'(x)dx

p(x)e*® | p(x)sin(ax+b) | p(x)cos(ax+b) | e>*bsin(cx+d) | p(x)In(ax+b)
u’ gdx*P sin(ax+b) cos(ax+b) gdx*P p(x)
u Leow | L Loosaxth) | Lsin(axth) L o [ pOxydx
a a a a
v p(X) p(X) p(X) sin(cx+d) In(ax+b)
, , , , a
v p'(x) p’(X) p’(X) c-cos(cx+d) b
e Exemples:

i.l= Ierde

| = 2xe* - Zjexdx = 2xe* -2eX + ¢

ii. 1= j (x% +1)e¥dx

Uu=esu=eX

V=2X& vV =2

, 1 ,
u :e3X©u:§e3X Vaxi+1es v =2x
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CALCUL INTEGRAL

1 2
= Z(x2+1)e¥- = | xe*dx
S ( ) 3j

On applique encore une fois la méthode pour I’intégrale _[xe”dx U =e¥ou= 3 e vexov =1

Alors J'xe‘“dx = %x e - Iesxdx: %xeg’x- %e” = %(x2+ 1)e*- %(xe”—e”) +c

ii. 1= [InGdx U=lou=x v:In(x)<:>v’:§
I = xIn(x) - jxldx:xln(x) - jdx:xln(x)—x+ c
X
iv. I = jmdx u = 1 < u=In(x) v=In(x) Vv’ =1
X X X

2
I = In’(x) - dex S1=Inl(x) -1 21=I(x) < | = In"(9) Z(X) +C
X
v.I= I3X5in(2X+3)dX u =sin(2x+3) < u= —%cos(2x+3) V=3x< Vv =3
I= —%COS(2X+3) -3X +§ Icos(2x+3)dx = —%cos(2x+3) -3X +%%sin(2x+3) =

=_%cos(2x+3) -3X +% sin(2x+3) +c¢

vi. |= Iexsin(x)dx u=e <u=¢ v = sin(X) < v’ =cos(x)
I = e*sin(x) - j e*cos(x)dx
On applique la méthode encore une fois pour trouver I’intégrale Iexcos(x)dx

u=e su=¢ V= cos(X) < V' =-sin(x)

Alors [e*cos(x)dx = e*cos(x) + [e*sin(x)dx , donc
I = e*sin(x) — (e*cos(x) + j e’sin(x)dx ) < | = e*sin(x) — e*cos(X) — | < 21 = e*(sin(x)-cos(X)) <

e* (sin(x)-cos(x))
2

I = +C
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CALCUL INTEGRAL

Changement de variables

[£:69 sin (f6)) dx

[£:69 e™dx )

Jf '(x) In(f(x))dx f(x) =t=f "(X)dx =dt = dx = Wdt. En remplagant on obtient :
f'(x)

J‘mdx

J£:0sin(f0))dx|  [sin(t)dt=-cos(t)= - cos(f(x))+c

J’f () e ™dx J'etdt = el=e™4¢
J00 In(Eedx [ [In(t)dt=tin(®)-t=Fx)In(F(x))-F(x)+c
f'(x) 1
jf(x) dx _ J'Edt: In(t) = In(f(x)) + ¢
[£:0030dx , §ff() =t = f(x) =t" = f "(x)dx = nt™ dt = dx = f,(” )t”'ldt
X
On obtient: If ')Yf(x)dx = njt "t = njt dt = —t"'= -l n/f(x))"*
e Exemples :
il= I(2x+1)sin(x2+x+2)dx XX +2=t= (2x+ 1)dx =dt = dx = 2x+1dt

I= J-(2X+1)Sin(t)ﬁdt = Isin(t)dt = -cos(t) =- cos(x® + x + 2) + ¢

i | = J'(6x2+4x)ex3+xzdx X3+ x2 =t =(3x%2+ 2x)dx = dt = dx = 21 dt
3X° +2X
—_ t— X3 +x?
1= [2(3x" +2x)e 2 —~ dt= j2edt 2et =26 +¢
. 1= _[(2x-l) In(x*-x)dx x> —x=t= (2x— 1)dx = dt =dx = 5 1dt
X_

I = j(2x-1) In(t) ﬁdt = j In(t)dt = tin(t)-t = (x*—x)In(x*—x)-(x*~x)=+c¢

dt

iv. = J'62(+3dx,x2+x=t:>(2x+1)dx=dt:>dx=
X"+ X 2x+1
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CALCUL INTEGRAL
3(2x+1) 1 1 )
= [R50 = gi=3[=dt =3 In(t) = 3In(x?+x) + ¢
75 e = 370t =300 = 3In6¢

V.= jx\/xz—ldx, -1 =t=x2-1=t2= 2xdx = 2tdt = dx = L ot
X

Page |
3
| = jx~t~1.tdt: Itzdt: 1t3: —( x2—1) +C 5
X 3

Vi.1= [—2dx, In() = t == dx = dt = dx = xclt, donc 1 = [ xdt= [dt=In(t) = In(in() + ¢
xIn(x) X X-t t

_ sin™""(x) e _ _

1= [—; ———dx C0s(X) =t = -sin(x) dx = dt = dx = ———dt
cos”" (X) ou cos™ " (X) -sin(x)

2n+1

1= [ B e sing) =t = cos(x) dx = dt = dx = dt

sin“" (x) ou sin“""*(x) cos(x)
e Exemples :
il= j tan(x)dx = j de, cos(x) = t = -sin(X) dx = dt = dx = ———dt
cos(x) -sin(x)

_opsin(x) 1 N _ .
| = —stin(x) dt= —hdt_ In(t) = - In(sin(x)) + ¢

dt

ii. 1= [ sin®(x)cos (x)dx sin(x) = t = cos(x) dx = dt = dx =
cos(X)

t

d 1
cos(X)

1 1 . 1.
= |t’cos?(X)dt = | t*(1-t})dt = [(t2-t*)dt= =t> - =t*= Zsin®(x) -=sin*(x) +c
[feos?(qdt = [£*(1-t7)dt = [ ()t = S0 =2 t'= Ssin’(x) -2 sin‘(x)

| = Itzcos3 (X)

Primitive d’une fonction rationnelle f(x) = %
X

% deg(p) = deg(d) : On effectue la division euclidienne p(x): d(x) et on écrit f(x) = q(x) + % ou q(x) est

le quotient et r(x) le reste de la division.

e Exemples : xX2+3x-1| x1 dx)
X2+ x+H  q(x)
2
X +3x-1
i |= J‘ dX, 4x-1
x—1 -Ax+4
3 1(x)
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2 9y
AIorsI:J'X 3dex:J.(x+4+i X = %x2+4x+3ln|x—l|+c

x—1 x-1
i = j2X2+2X+2 dx 2x2+2x +2| xH+1 d(x)
' X2 +1 ' 2 212 q@x)
2x
1(x)

dx

Alors | = J(2+X 1 jdx Ide+IX 1 dx=2x + szil

.[ ix dx,x2+1:t:>2xdx:dt:>dx:idt
xX“+1 2X

jz_xidt - j%dt: In(t) = In(x2+1) + ¢

J‘x+1

Donc | =2x + In(x?+1) + ¢

2_ 2 _
i, | = jsX—4X+1dx: j[3L+ X, Edez j(sx—4+ ijdxz 33 axtinix|+ ¢
X X X X X 2

< deg(p) < deg(d)

f'(x)
a) J'mdx déja vu

b) si le dénominateur a de zéros réels . On décompose la fonction en fractions équivalentes.

e Exemples :

i X
d=|————d
! Ix2-7x+10 X

X o X AL B = AKX2) +B(x-5) o x = (A+B)X -2A5B
X°-7x+10  (x-5)(x-2) Xx-5 x-2

A+B=1 A 5 2
-2A-5B=0' 3 3

5
3(x-5) 3(x 2)

Alors | = =— —d +— —dx——ln(x 5)+—In(x 2)+cC
J sl

_—_— 1
i. l= -[xz(x+1) dx
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L AL B O 1= AX(xD) + b(x+D) + CX2 > (A+C)X2 + (A+B)X + B = 1
X2(x+1) x x° x+1

A+C=0

A+B=0,A=-1,B=1,C=1

B=1

el 1 1, 1
I = —J';dx+ _[Fdx+ Ide— -In|x| -;+In|x+1| +cC

c) si le dénominateur n’a pas de zéros réels

1 (o
Ona: ————,avec A<O0, onecrit
ax”+bx+c

ax?+bx+c= a [x+—

b f{m

2
J et on utilise la méthode de changement de variables.

2a 2a
e Exemples :
i.I:jZde:SI : dx = 2 ;zdx,ﬁi:‘/—t: :£
2X°+X+5 1V 39 2 ( 1) 39 4 16 4
2 x+=| +— X+—| +—
( 4) 16 4) 16
J39 V39
=50 A =S e [ g2 1030 e 10V39 o XL
2739,,39 2 39 Ji?41 39 39 J_
16 16 1

d) Si le dénominateur est du deuxieme dégrée avec 4 < 0 et le numérateur du premier dégrée. On essaie a

« construire » au dominateur la dérivée du dénominateur.

e Exemples :

. X ,
l. J.mdx (X2—3X+5) =2x-3

|=_j— :_jw __I 2x-3 _I—X
29 x%-3x+5 27 x%-3x+5 x? 3x+5 24 x?-3x+5

|1:_J' 2x-3 t:x2—3x+5:>dt:(2x—3)dx:>dx:i

_3x+5 2x-3
2x-3 dt d 1

1= —— — —I t-—Inx -3x+5

1 j s 5l 5= SN )
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l2= lfzg—dx: gjl—zdx, X - 3- Et:dx: Edt
27 x°-3x+5 2( 3} 11 2 2 2
X_i N
2
|2:§-\/ﬁ L dt:E-‘/ﬁ-ijz1 dt:S‘/ﬁj2 dt= iArctan(t)—
2 2 1, 117 2 2 1lt+ 11 J2+1
4 4

Doncl=11+1I2= %In(x2-3x+5)+

:i [(2x 3)(} 3farcta [(2x 3)(}
11 11

X% +3X+4
i I—J' >
X(x“+1)
2
w = é+ BZ(+C<:>X2+3)(+4:A(X2 +1)+X(BX+C)<:>X2+3X+4:(A+B)X2+CX+A
X(x“+1) X x°+1
A+B=1
C=3 ,A=4,C=3,B=-3
A=4
3 1 -3x+3 -3X+3
| = dx = 4| —d dx =4l + d
X jx X+Ix2+1 X n|x| Jx2+l X
-3x+3 2%
j —dx =
X“+1

Donc | = 4In|x| g In(x*+1) + 3arctan(x) + ¢

e) Cas spécial f(x) = ZE ; ou p(x) et g(x) sont polyndmes avec deg(p) < deg(q) = 2, q(x) = ax?> + bx + ¢

1°" cas : q(x) a deux zéros distincts Xz et x2
rx) 4, - @ B _
fﬂdx = —In[x-x,| +=In|x-X,|+c avec a et B tels que r(x) = a(x-x2) + P(X-X1)
q(x a a

2° cas : q(X) a un zero unique Xo

J'mdx = Eln|x-x0| B +c avec o et B tels que r(x) = a(x-Xo) +
q(x) a a(x-X,)
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3° cas : g(x) n’a aucun zéro réel

(x) . _ ) 2B [ 2ax+b ] _
——=dx =alnjax®+bx +c| + arctan +c avec a et B tels que r(x) = a(2ax+b) +
j a(x) \4ac-b? \V4ac-b?
e Exemples: Page |
9

=1,x2=-1,a=1,b=0,c=-Lr(x)=1=a(x+l) +B(X-1) = 1= (at+ B)X + (a- B) =

1 1
a+B=0:>a:l B= E
-p=1 2’

In|x 1]+ 2In|x+1| 1In|x—1|—lln|x+1|
1 2 2

21()2 dx (2ecas) xo=1, (x-1)’=x*-2x+1,a=1,b=-2,¢c=1,
X_

=2
rx)=2x=oa(X-1))+p=>2X=oax—-a+p = * = oa=2,p=2. Donc
-0 —+ B = O

j dx = 2In njx-1) - 2_4c= 2In|x-1| - 2 4

(x-1)? 1 1(x-1) (x-1)
iii. I 2X dx,(Becas),a=1,b=-1,c=1,rX) =x=oa(@x+l) +p=>Xx=20Xx+a+p =

X -x+1
20=1
L=V, B =Y
a+pB=0
5 1
1 Y 2x-1 -1
Donc dx= = In|x?-x + 1| + arctan( ]+ ZInjx? -x + 1| + —=arctan (—j
I Px+l 2 Ja-1 N/RT 2 V3 J3
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