LDDR Niveau 2: Algebre Lineaire Exercices

LINEAR ALGEBRA EXERCISES
2. Basis. Components. Dimension

1. Let(e7; &) be the standard basis of V,.
Consider the vector ¢ = 8e; + 2e, .
a) Find the components of # with respect to the basis (&5 ; e_;;)
Similar question with the basis (e, ; €)).
Similar question with the basis (2e; ; —4&3).
b) Show thatthe vectors vy =¢; —e, and%; = &, + e, form
a basis of V5.

c) Calculate the components of ¥ with respect to the basis (v; ; ;).

2. Let(eq; e;; e3) be the standard basis of V5.
Consider the vectors 7; = S5g; — 2¢, + e; and v, = 3¢, + &, — 5e3 .
Find the components of ¥ = 18e; + 20e, + 24e; with respect to the basis

(01 V35 v A7)

3. Let(é]; é;; e3) be the standard basis of Vs.
Consider the vectors vy = me; + 2e; + &5, v, = 2¢, + me, + 2e;
and v3 = e; + 2e; + ;.
For what values of m is (V5 ; ¥, ; ¥3) a basis of V3?

Explain your reasoning.

4.  Let Vbe the vector space of polynomials of degree < 2.
a) Find the components of p = 3x* — 4x + 5 with respect
to the basis (1,x, x2).
b) Show that the set of polynomials p; = x2 + 2x,p, = x + 1 and
p; = x* + 3 is abasisof V.

cj Find the components of p = 3x% — 4x + 5 with respect to the
basis (py, P2, Ps)-
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3. Subspaces

5. InV;, with the standard basis, consider the subset W of all the vectors of the

: o
form ( b )
a—b
a) Show that Wis a subspace.

b) Find a basis of W.

¢) The subspace Wis a vector plane. Find an equation of W.

6. InV; consider the vector plane W with equation is 3x — 2y + 5z = 0.
Find a basis of W.

7. InV,, with the standard basis, consider the subspace W of all the linear

e

: 2 0 /6
combinations of v; = (—1) and v, = (1) Letd = (m ) :
1 3 =2

a) Whyis (v;; v;) a basis of W?
b) Find m such thatv € W.
For the next questions assume thatm = —7.

c) Find the components of ¥ with respect to the basis (77, ; 7;) of W.
d) Whyis(2v;; 7; — ;) a basis of W?

e) Find the components of # with respect to the basis (2v; ;73 — 7;) of W.

8. In V3, with the standard basis, consider. the subspace W of all the linear

. =2 1 1
combinations of the vectors vy = ( 2 ) Uy = (—3) and v3 = (2)

4 ~4 1
a) Is(vy; v;; v3) a basls of W? Justify the answer.

b) [fW is avector plane, find a basis of W7 and an equation of W.
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10.

11.

12.

Let V be the vector space of polynomials of degree < Z.

Let m € R be a fixed number.

a) Show that the set ¥/ of all the polynomials which take the value 0
for x = m is a subspace of V.

b} Find abasis of W.

Hint: a polynomial p which is 0 for x = m can be factorized by x — m.

Consider the vector space V of all linear combinations of the functions
s:x — y = sin(x) and ¢: x — y = cos(x).

a) Show that the set (s; ¢) is a basis of V.

b) With respect to this basis find the components of

fixr—y=—cos(x),g:x—y=sin2(x)and h:x — y = sin(x‘— E)
Linear transformations

In each case determine whether the transformation is linear.

The transformations are given with respect to the standard basis.

c;i] T:V, =V, ,GC’) - (x Exgy) b) T:R I Vo, x - (;2)

Let Vbe the vector space of polynomials of degree < 1 and m be a fixed
number. Is the following transformation linear?

JiVoR,p=ax+brpm)=a-m+5b
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5. Matrix of a linear transformation
and

6. Components of the image of a vector under a linear transformation

13. Find the matrix, with respect to the standard basis (e, ; ;) , of each of the
following linear transfermation of V,.
a) reflection in the line parallel to e, (equation: x = 0)
b) reflection in the line x — y (parallel to e; + &,)
c) projection onto the line y = 0 (parallel to &;)
d) projection onto the line 3x — 2y = 0 (normal to 3e; — 2¢;)
e) reflection in the line 3x — 2y = 0 (parallel to 2e; + 3e;)
f} rotation through +30°
g) dilatation of factor k

3) onto the line normal to n = (’lz)

h) projection in the direction of d = (1

14. Find the matrix, with respect to the standard basis (e, ; ¢, ; ¢4), of cach of
the following linear transformation of V5.
a) reflection in the plane generated by e, and e
b) reflection in the line parallel to e;
¢) projection onto the line parallel to d = &, + &, + ¢,
d) projection onto the plane x = 0 (generated by e; and e,)
e) projection onto the plane x + y —z = 0 {normal to e; + ¢, — ¢3)
f) reflectionintheplanex +y—z =10
g) rotation through an angle 90° about the line parallel to e; and such

that the image of e; ise;

15. Use the matrices of the preceding exercise to calculate the images of the

vector # = 2¢; — 3e, under the transformations d) to h) of exercise 13.
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16. Use the matrices of the preceding exercise to calculate the images of the
vector ¥ = 2e; — 3e; + 5e; under the given transformations c), e), f) and g)

of exercise 14.

17. In each case describe geometrically the linear transformation on V¥, given by

its matrix with respect to the standard basis.

D A=(g b B 2 o) 96505 |

1 0 0 -1 0

d) D=(o 0 0) e) E=(0 1
00 1 0 0

0

0

0 1

0 0

1 0

1 0 O 1 0 2 0 0
g) G=(0 0 0) h}) H=(0 1) i) ]=(0 0 2)
U0 =l R =156 0 2 0

X
2
18. Consider the linear transformation T: V5 = V,, (y) - (;cj__ 2;’) given with
4 .

respect to the standard bases (e, ;¢; ; e3) and (1?; E)
a) Find its matrix with respect the standard bases.
b} Use this matrix to find the image of the vector ¥ = 3g; — 4e, — &3

3x + 2y

i 4y) given with

X
19. InV; consider the linear transformation 7": (y) = (

respect to the standard basis (e; ; e,).

a) Find the matrix M of T with respect to the standard basis.

b) Let? = 227 —&,. Use M to find the components of T(#) with respect
to the standard basis (e; ; e;).

c} Let(vy; v;) be another basis of V, defined by [v:l I 3_,6_1} +_,28_2’

' v, =é;te;

Find the matrix N of T with respect to the basis (77 ; 75).

d) Find the components of ¥ with respect to the basis (v; ; ¥;) and
then use N to find the components of T(#) with respect to the
basis (V7 ; 75).

e} Check that the answers b) and d) are "equal”.
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20.

el

e

Let V' be the vector space of polynomials of degree < 2.
Consider the the linear transformation T on V given by
T(ax?+ bx + ¢) = 2ax?> + bx — 2a
a) Find the matrix of T with respect to the basis (1, x, x*).
Then use this matrix to calculate the image of p(x) = 4x? — 4x + 1.
b) Find the matrix of T with respect to the basis (4x2, x, 2).

Then use this matrix to calculate the image of p(x) = 4x2 — 4x + 1.
Let V be the vector space of polynomials of degree < 2.
3 01
A linear transformation T on Vis given by its matrix M =1 3 3

with respect to the basis (x% + x,x — 1, 2).
Find the image under Tof p(x) = 6x% + 10x— 6

Give the answer in the form ax? + bx + ¢

Eigenvalues. Eigenvectors
and

Diagonal matrix

For each of the following liriear transformations, find
o the eigenvalues, the eigenvectors and the eigenspaces
* abasis consisting of eigenvectors and, if such a basis exists, the matrix

of the linear transformation with respect to this basis.

A. Inthe plane V, with the standard basis (e; ; €3)

a) aprojection onto the line parallel to d = &; + &,
b) areflectioninthelinex +3y =0

c} adilatation with factor k

d) arotation through 30°
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a8

24.

25.

10.

26.

B. Inthe space V; with the standard basis (&7 ; & ; &)
e) aprojectionontotheplanex —2y+2z=10
f) areflectionintheplane2x —y +3z=10
g) arotation through 60° about the line parallel to e;

x =31
h) areflectioninthelined:{y =27
z =21

C. Form=0,1and2,letf,:x +— y = e™*. Let V be the vector space of all
the linear combinations of f; , f; and f. A basis of Vis (fg, f1, f2)-
i) thedifferentiation D:V >V ,f — f'
j)  thelinear transformation T defined by
T(ag fotay fitay fo)=az-fi+a, fy

LetT:V — V be alinear transformation and A € R. Show that the set W of

all the vectors ¥ such that T'(#%) = A% is a subspace of V.

Linear transformations on V,, are given by their matrix with respect to the:
standard basis. For each of them find

e the eigenvalues, the eigenvectors and the eigenspaces

e  abasis consisting of eigenvectors and, if such a basis exists, the matrix

of the linear transformation with respect to this basis.
Matrix operations
Calculate matrix products and inverses of matrices.

Change of basis

In V, consider the linear transformation T given by its matrix M = (31 i)

with respect to the standard basis (e; ; e;).
vy =3¢; + 2¢;

Let (v; ; V) be another basis of IV, defined by {v_’ et
2 =€ 16

Find the matrix M’ of T with respect to the basis (v, ; 7).

Linear Algebra Exercises 7/19 DJ1819



27.

28.

11.

e

30.

—2

_(—10 10
LetM = ( 12 11). Calculate M**,

Let M = G é)

1++/5 1-+5
and A, = >

a) Show the eigenvalues of M are d; =

and find the corresponding eigenvectors.

1 n__m
=

c) Consider the sequence of the Fibonacci numbers u,, defined by

b) Diagonalize M and show that M" =

Uy =0;uy =1landu, =u,_, +u, ,forn=>2

Show by induction that M™ = ( u“)

= - %((1 +2\/§)" B (1 —Zﬁ)n)

Null space (kernel) and Range of a linear transformation

Find the null space and the range of each of the following linear
transformations given with respect to the standard basis. For a) and b) find
also the matrix of the transformation with respect to the standard bases.

a) T:V, -V, Gi) — (zxx— y) b) T:V; - 1;, (;) — (x g J’)
z

c) The linear transformation T on V; whose matrix with respect to the

M =="1%
standard basisis{4 0 8
" \2 1 3
In the vector space V of polynomials of degree < 2 consider the
differentiation. Find the null space, the range and the matrix with respect to

the basis (1, x, x2) of this transformation.
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31.

32.

13.

SEE

34.

35.

36.

Let V'be the vector space of the functions R — R which are differentiable
and W be the vector space of all functions R = R
Find the null space of the linear transformation T:V - W, f — f' — 3f

—

Let a be a fixed non-zero vector. Find the null space of T: V3 = R, % » @ - &
Geometry of orthogonal transformations

_ X
Consider the transformation T on V, given by (V) — %(3; V3y ) with
=y

respect to an orthonormal basis.

Show that T's orthogonal and describe it geometrically.

In each case a linear transformation on V, is given by its matrix in an
orthonormal basis. Show that the linear transformation is orthogonal and
describe it geometrically.
1 1/6 -2 3 /0 2 2
» =(2, %) v 5(-2 3 6) 93l2 2 -1
-3 ~6 2 =75 L =
In this exercise we use the standard basis of V5.
a) Find the matrix M; of the reflection Sin the planex + y — 2z = 0
b) Describe geometrically the linear transformation T given by its matrix
1/2 2 -1
=i A
c) Find the matrix of the linear transformation R definedbyR =T o §

and geometrically describe R.

[n the space V; an orthogonal transformation T is given by its matrix
1/6 =2 3
M= 7(—2 3 6)
-3 -6 2
with respect to the standard hasis.

Consider the plane m: 2x — y + z = 0 and its image ' under T.

Find a Cartesian equation of the plane r'.
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14. Affine transformations

37.

38.

352

= )

with respect to the standard basis. Consider the affine transformation f

Let T be the linear transformation on V, given by its matrix M = (

associated to T and such that the image of the origin O is the point
0'(—4; 3).
Let d be the line through the points A(2; 3) and B(5; 1). Find a Cartesian

equation of the image d’ of d under f.

Let T be the linear transformation on V; given hy its matrix

M= (—12 i 24) with respect to the standard basis.
ORI 5 ;

Consider the affine transformation f associated to 7 and such that the

image of the origin O is the point 0’ (1; 2; —2).

Consider the plane m: 2x — y + z — 6 = 0. Find a Cartesian equation of the

image 7’ of r under f.

In V, consider the rotation fthrough 120° which maps the point A(—2; 1) to
the point A’ (1; 0).

Find the center of the rotation and the image of the origin O under f.
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SOLUTIONS TO EXERCISES

Basis. Components . Dimension

b) Thevectorsv, =e; —e, and v, = e; + &, are not parallel.

c) v =37, +5v,.Drawing.
Ty AT, =9e; + 28e, + 1le;; ¥ = 3v, — 2U, + U, AT,

Use Cramer's rule.

m 2 1
2 m 2=m2—5m+4=0=fm=1orm=480,m¢1and§ni4.
1 2 1

b) aip; + a,p; + azp; = p, where p is any polynomial

Sa(x?+2x)+a,(x+D+az;(x2+3)=ax®*+bx+c

@, +3a; =5 0 1 3
= [2:11 taz=-4 ; |2 1 0|=-5%#0,50ay,a,and a; existand
a, +az =3 iy Ui 1

are unique whatever the polynomial p.

c) p=0p,—4p;+3p;
Subspaces

) x—y—z=10

2 0
For example (3) and (5)
0 2

a) The vectors 7, and 75 belong to W and they are not parallel.
=-7
c) v=3v —4v,

e) v=-1/22v) - 4(@; - 7;)

=
=
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8. a) No,because for examplev; = ~5/4v; —~3/2v,

b) Basis: for example, (77 ; ¥3); equation: x —y +z =0
9. b)) p=ax?+bx+c=(x—m)(Ax+B)=Ax(x —m) + B(x —m)

10. a) neither of the functions is a multiple of the other,
check it at x = 0 for example.
b) geV:ifg=as+fcthenx=0=>0=Fandx=n/2=>1=q,
so g = s but this is wrong.
h(x) = sin(x) cos(zr/4) — cos(x) sin(rr/4)
soh=v2/2s—+2/2¢

4. Linear transformations

5. Matrix for a linear transformation
and

6. Components of the image of a vector under a linear transformation

203G 933G W 0 TR
m 0
9 (5 )

hy proj(B) =p=t+m-d;pLi=m=—

L 1 . o=l 0 1 luws-—irn 2
14. c) 11 1.1 e) st-1 2 1 f) 31-2 1 2
1 1 1 1 1 2 2 2 1

0 -1 0O
g) (1 0 O)
0 0 1
s 539 9 (3 0 ()
9 (%) n ()
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o) o) 00«0

17. a) reflection in the x-axis b) reflectioninthelinex —y =20
c) rotation through —90° about 0 d) projection onto the xz-plane
e) reflection in yz-plane f) reflectioninthe planex -y =0
g) projection onto the xz-plane followed by a reflection in the xy-plane
h) rotation through 90° about the x-axis such that &, goes to e;
i) reflection in the plane y — z = 0 followed

by a dilatation from O with factor 2

18. a) M=(é _22 2) | b) T(P)=-5f +7f
19. a) M=(f1 i)

b) T(3)= (_46) = 48 — 655

0 1@ =M-(3)=(7) =136 + 56 = 8% — 117;

2 5
. (e =v{—2v, ,
using {_1, L, "2 orasystem by means of the components with
32 = —171 + 31)2

respect to the standard basis.

T@=M-G)=(;’)=5€_{+3'é§:2v_f—lv—z'
Nz(—?u —21)
a) §=285-5=3%-77: T@ =N-(3) = (D) = 10% - 26%;

e) TW) = 4e; — 6e, =107, — 267,
0 0 -2 1 -8
20. a) (0 1 0).p=(—4).T(p)=(—4)=8x2—4x—8
0 0 2 4 . 8

2 0 0 1 2
b) (O 1 0),19:(—4),7'(1;)=(—4)=8x2—4x—8
—4 0 0 1/2 -4
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6 %
21. p= ( 4 ),T(p) =(15) =17x2+32x -7
-1 4

7. Eigenvalues. Eigenvectors
and

8. Diagonal matrix

22. PartAinV,

a) 1-eigenspace: the line x — y = 0; 0-eigenspace: the linex +y =0

b) 1-eigenspace: theline x + 3y = 0; -1-eigenspace: theline3x —y =0

¢} allV, isthe k-eigenspace

d) no eigenspace

Part BinV,

e) 1-eigenspace: the plane x — 2y + z = 0; 0-eigenspace: the line parallel
tov =e; —2e; + e;.

f) 1-eigenspace: the plane 2x — y + 3z = 0 ; -1-eigenspace: the line
parallel to ¥ = 2e; — e, + 3e;.

g) 1l-eigenspace: the x-axis _

h) 1-eigenspace: the line parallel to ¥ = 3e; + ¢, + 2es,
-1-eigenspace: the plane3x +y + 2z = 0

. PartC

Remark

Abasis of Vis (fy, fi, f>) - It is easy to check.

aofo t 1 fi taafo =0 apfu(X) + a1 fi(x) +axfo(x) =0forallx ER

Withx = 0,x = 1,x = 2 you get the following system

ag +as+a, =0
ay + ase + aze? =0
ap +a el +aet =0

Whase determinantis-e + 2e? —2e* +e5#0.Soay =a; =a, =0

%
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23.

10.

26.

27.
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i)  For each m the function f,, is an eigenvector corresponding to the
eigenvalue m. So
0-eigenspace: all (scalar) multiples of f;, ; 1-eigenspace: all (scalar)

multiples of f; ; 2-eigenspace: all (scalar) multiples of f,.

0 0 0
D=(0 il 0)
' 0 0 2

j}  O-eigenspace: all (scalar) multiples of f; ; 1-eigenspace: all (scalar)

multiples of f; + f; ; -1-eigenspace: all (scalar) multiples of f; — f,
0 0 0
D= (0 1 0
0 0 -1
With respect to the basis (f, fi + f2, f1 — f2)-

Remark

For most of the values of A the subset W contains only the zero vector.

Matrix operations

Change of basis

M' =PT'MP = (_12 _31) (._31 i) @ D - (-{:311 -21)

M =PDP ' withP = ( ° 2),D=(2 O)andp‘1=§(_2 3

—4 -2 0 -1 4 3
5 —3068 —3069
10 — 10 il
= ‘P "(4092 4093)



28.

11.

29.

1++/5

a) dettM—AD=A2-A-1=0=>2=

2
Remark Ay + 4, = —4;4;, =1
_ 1+v5 . /1
an eigenvector for 4, = ———— is ( )
2 —A;
_ 1-V5 /1
an eigenvector for A; = ———is ( )
2 —A
1 1 \/AF 0N—-1/-1, -1
n_ ppnp-1 — 1 == 1
o wr=romei=(G0 200 w1
n_ (Un+t1 Un
c) M"= ( u, un—l) forn=1

Null space (kernel} and range

[N

o)

, R(T) is the plane z = 0

a) N(T)=0;R(T)=V2;M=(

e =

1
b) N(T) isthe line parallel to (1
. 0

g =i
M= (0 0 1)
0 0 O

2

c) N(T) isthe line parallel to (—1) , R(T) is the plane normal

—1
4

toT(e,))AT(e;) = (—7), so the plane 4x — 7y + 12z = 0

12
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13. Geometry of orthogonal transformations

33. Reflection in the line with equation x — /3y = 0

34. a) Rotation through (by) —67.38...°

2
b} Rotation about the line parallel to (—1) through 73.39 ...°
0
c) Reflection in the plane x + 2z = 0 followed by a rotation about
1
the line parallel to (0) through 48.18 ...°
' 2
L 2 -1 2
35. a) MS:E(—l 2 2 )
2 251

b) Reflection in the plane with equationx — 2y +z =0

0 0 1
c) Mg= (1 0 O)
010
1

Rotation about the line parallel to (1) through 120°
- il

Remark The intersection of the fixed planes of § and T'is the axis of the
rotation and the acute angle between these planes is 60° = % - 120°,

that is half of the angle of the rotation.

36. Choose a basis of .

il 2 1 2
ﬁ(z)(1)~(o)l(1)
0 1 = 1
1/ 2 2 1/ 0 0
T@:?( 4 )ll( 4 );T(v_g')=§(—14) Il (2)
—15 —15 =T 1

So 1’ is the subspace of all the linear combinations of T(7;) and T'(7).
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14.

S

38.

Each linear combination is normal to
2 0 34 17
TODAT@) =1 4 |A{2]= —2) -1
-15/ \1 4 2
Som":17x—y+2z=0

Other method
Since T'is orthogonal 71 - ¥ = 0 implies T (1) - T(¥) = 0. So T'(71} is the vector

normal to the plane n’. Then’: 17x —y + 2z = 0.
Affine transformations
d:0P = 04 + A-4B

d':0F" = T(OP) + 00’ = T(0A + A4B) + 00 =

= T(04) + AT(4B) + 00" = 04’ + AT(4E)

d':0P' = ("74) + (_3‘1') + A(fg) — (Ig‘) +1 (_79) d':9% + 7y +2 =0

Choose three points in 7: A(3; 0; 0), B(0; —6; 0) and C(0; 0; 6) for example.
n: OP = OA + A4 + wAC with and

—y pe—n —

".0P’ = T(OP) + 00’ = T(04) + AT(AB) + uT(AC) + 00’ =
3\ /21 ~27 1 4 ~21 —27
(_G)H( 0 )+u(18)+(z.)=(_4)+a( 0 )ﬂ;(m)
0 6 30 -2/ \-2 6 30
-7\ [-9\ [-12 6
(0)(e)=(z2 ) (_26)m
2 10/ \-42/ \21

n':6x —26y+21z—86=0

~

S
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!
— L
39. (;') > %(\/% \/?) (yx) + (t:) where the image of the origin is (¢;;t,)

1/ _ : V3
(3)=§(\/:3_l \_/?)(12)"' t)=>t1=—:t2=-;-+x/§

The center of the rotation is the fixed point

1-v3 1++3
( 7 2 )—(—0.2113 ..;1.3660...)
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