CHAPTER 1

CaLcurLus 1

[ 1.12 Exercices

)

11| Find the domain of the following :

1) y=22+1 4) y=1+v22-5
. 3 i
2) Tay— ==
) ¥ (@~ 2? 5 v =
_ tan(z) 6) u— 1
1.2 Establish the sign table of the following :
1) y=2z+1 3 y=vr+3-2
2) y=—22+Tz—6 4) y=2*—3x+4
r—3
. B’ ] i b :! o —_—— v
1.3 v using a sign table, solve f(z) ;1:"’—3;r+2,>0

1.4  Analyze the function f(z) =

3-2
$+1$thatastosay:

1} Domain

w N

Table of signs

>

)
) Intersection with the axes
)
)

7) y = |cos(z)|
1
S S
1
Ly tan(z)

5 y=2cos(z)+1

6) y==z-(z—3)-(2+4)

Behavior of the function when z tends to the excluded value

5) Behavior'of the function when z tends to +oc0 and —>?

6) Graph

7) Coherence

135 By using the graph of the function g(z), determine, if they exist, the following

limits :

1) lim g(z) = 4) Im g(z) =
2) lim g(z) = 5) lim g(z) =
3) limg(z) = 6) limg(z) =

7) What is the value of ¢g(2) and g(4) ?

8) Is the function g continuous ?
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CHAPTER 1 Carcurus I
1.6 By using the graph of f(z), deter- TR T 1T T EET
mine, if they exist, the following lim- i Y
its : i i\ | ) " |
1) lim f(z)= 3) lim f(z)= l/ -\ V \\ -
. : = RS RTAE :
) sl = 4 tmf@= A

What is the domain of this function 7

Determine the equation of the verti-

cal and horizontal asymptotes. |

SN R S S

e

! il Sketch the graph of a function  such that :
D) Jlim @)= lm h@=3 4 lim A(e)=+oo
2) lim h(z) = —co 5) h(-2)=1
3) ml_lﬂl- h(z) = —o0
What is the domain of your function k ?
i N [ I 7 EE T S W T
| | 11 i |
sl I 11D | |
| it ;
| } 1 ; >
: = =5, ; 5 10
| | | i |
M R 1 | i i
| i | f i
| | | 5 |
' ; T O Tl e D
1.8 Compute, if they exist, the following limits :-
1) limb5z = e . P—z—2
#22 4 :lrl—fr%:cz+4 B N - z—2
2) lim(2z+3)= 5) limy3B -2 = 8) Pie=2_
o7 T—+4 . £—31 (g; o 1)2
z+2 : z—4 . =2z
B = Nl org > mlhi—o—s
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CHAPTER 1 CaLcuLus 1

1.9 Compute, if they exist, the following limits :
1) lim (—4a?) = e I
) Jim (—4%) e e R
2} lim 52 +2 = . 4z-2 _(z—1?
e o) Myt ¥ e T
- 22841 . (= +6z)(5x—2)
— = 1 = =
8) lim — 6) Mm —— SR S
1.10 Given the function f(z) = 3322—?_;-4-6 Calculate, if they exist, the following limits :
1) lim f(z) = 4 lim f(z) = 7 lim f(o) =
) lim f(z) = 5 lm f(z)= §) i f) =
3) lin flz) = 6) lim /(z) = ) lim f(z) =

Determine the value of f(2), f(1) and f(-3) ?

1.11 Here opposite is the graph of the function f(z). Whenever possible, calculate :

=0

1) Jfim flz)= 4) ) = 7) lim f(z) =
2) lim f(z)= 5) lm fz)=

2+ x—+0~

3) limf(z})= 6) lim flz)= ) f(0)=

0t

Is the function f continuous ? Why ?

1.12 1) Determine the equation of the vertical asymptotes of the functions :

z 2—2z

3) flo)= 73—y b 9 = s

2) Determine all the asymptotes of the following :

2z -5 z? +1
hizi = 3 -
a) h(z} 2 11 ¢) j(x) S E
2z% + dx 4 2 2% 4+ 0922 — 132 47
b : R ES
) ilz) 5 —z2+4 ) 5e) 22 —dx 44

1.13 Determine all the asymptotes of the following :

_ 92.5z — 27.5¢% — 528 -4 22% + 11z% — 106« 4 165

1) f@) —7 + 6z + z? 3) hiz) 2?2 — 4z + 3
—30 4 92 + 322

9 = ——— .

) 9(=) —24 + dr 4+ 422
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CHAPTER 1 Carcurus I

1.14 Determine the domain of the functions above and then, analyze their behavior close
to their excluded values.

2* -5+ 3 _ 4r -3 -z —12
) flo)=—5—5— 2 d@=57— 3) k@)= 35—
—22° — 627 + 20

1.15 Analyze the function f(z) =

522 — 15z + 10

1. 16 1) Calculate lim cos(z)
2) Calculate, numerically, the limit ll_r:'{l} %ﬂ
3) Thanks to a geometric reflexion, determine =l:1_}n'1) %
4) Deduce the value of lim L]

1. 17 Calculale, if they exist, the following limits :

1) lim sin(2r) 1) Tim sinfz) _ 7) lim 1 —sin(z) :
z—+0 T T30 2 2% COBz(I)
. sin(3z) . tan (3z) _ _
2) llj}}] 207 5) lim Y 8) lim z - sin (%) =
1 — cos? 1=
3) lim Lcon(n)f 6) lim C;:S(x) = 9) lm2?-sin (%) =
w—+0 @ x=0 EL &—+0

1.18 Calculate, if they exist, the following limits :

1) lim || = L VT—2 e
.- 3) i]_r& z—d4 5] lig |£2 — 4|
: |x|_ . \f1+$_1_ 6) l T—3d _
2) lim—= 4 lm——r—= N
1.19 Determine the expression of the rational functions fi(2) and fy(z) such that :

1) fi(x) has a vertical asymptote at z = 5, a slant asymptote with equation
y = —z+ 5. Moreover, the curve is over the asymptote when z tends to +oc.

2) folx) has a vertical asymptote at z = 2 and a hole with coordinates (3;11).

2z T<3
1.20 We consider the function f(z) = ¢ ma+h 3 <z <5 . Given that f(z) is con-
- >3

tinmous on R, sketch its graph and find the values of m and A.
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1.21

1.23

1.24

1.25

1. 26

1.27

1) Sketch precisely the graph of the parabola y = f(z) = z®. (first quadrant
only, 1 unit = 10 squares).

2) We consider on this parabola the fixed point P(1;1) and the moving point
Q(1 + Az;y). Calculate the slope of the secant line PQ for
Az € {0.5;0.4;0.3;0.2;0.1;0.01}. Draw one of these secants.

3) To which number tends the quotient % when Az — 07 Give a geometric
interpretation of this number.

4) Caleulate Hm (%E) at one point Py(xg; yo} of the parabola.
Az VOF !

By using the definition of the derivative, calculate the derivative of the following
functions :

1) flz)=2x+5 5) j(a)=4° 8) m(z) =z
2) glz)=mz+h 6) k() = % S
3) hiz)=h

4) i(z) =3z —dz+7 7) l(r)=2x1+1 10) o(z) = sin (z)

Differentiate the following functions using the product rule and then check your
result by using the distributivity first :

1) fl@)=(z+1){z—1) 3) h(z) =z™z"
2) g(z) = (2®+4)(2*+3)
By using the rules of derivation, find the derivative of :
1) f(z) =42° — 72® + 89 4) f(z) =3vT+8z" — 9z

2) f(z) = —5z* + cos(60°)z® — tan(45°) 5) flz) = 57; + 3sin(z)

3) flz) =(7-5z)" 6) flz)= Vsl
Determine the equation of the tangent to the following curves at the point whose
abscissa is given.

1) fla)=-322+5x—2 at 2=-2 3) h{z)=5/T1+2 at z=4

2) g(z)= _?3 at =25 4) o(z) = cos{x) at x = 3%

Determine the coordinates of the two points of the curve y = 22° — 522 + 92 — 1
where the slope of the tangent is 13.

At a point P of the curve y = 2% + &, the equation of the tangent is y = 6z — 7.
Find the value of the constant & as well as the coordinates of the point P.

YAy - LDDR 33



CHAPTER 1 CaLcuLus I
1.28 Derivate :
T X
1 = 6 = _ar+bh
) === )y — 1) y=——
x
—_ = 5 5 1
2 v=17%7 7 y= Im 12) y=xt (7T—2%)
2
x . 2 —-Tz+9
9 V=52 8) y =z cos(a) 1) y="" T
T
4) y= 1+ 28 9) y=(4—2%sin(z) 14) y=z*(sin(z) +1)
sin{x)
5 y= E 10) y = tan(z) 15} y = sin(z) - cos(x)
2
1.29 Determine the equation of the tangent to y = ::;_'_ = at z=1.
.l . sin(z) .
1.30 Determine the gradient of the tangent to y = — at z = 7w (write your answer
as a multiple of 7).
; . . . 2z +a . |
1.31 For which value of a is the function f(z) = T tangent to the line y = —7z + 2
Calculate the coordinates of the contact point.
1.32 By using the chain rule, determine the derivative of the functions :
1) y=(z*+1)° 3) y=(6z°—5)" 5 y=+4z+3
5 5 1\ 6) o = sin { (2=1)°
2) y=(v3-1) 8 y=@P-1) ) y=sin((%
1.33 Determine the equation of the tangent and the normal to the curve :
1) y=zsin(z) at z =7 2) y=zv3z+1 at x=5
1.34 Given the function f(z) = —1  Determine
1+ 22
1) f'(2) 2) @ such that f'(z) =0
d
1.35 Given the function y = «/2° + 8. Determine the value of ﬁ at 1 = 2.
1.36 Determine the equation of the tangent to the curve y = (22 — 5)° at the point with
abscissa 2.
1
1.37 Determine the equation of the tangent to the curve y = N at the point with

ordinate 1.
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CHAPTER 1 CaLcuLus 1
1. 38 Derivate the following :
1) flz)=(Es+1)° 5) flz) =(72*-2z)*  9) flz)=Va*
%) f(z) = cos(2z) 6) f(z) = cos®(z) 10) f(z) = _‘/%
3) flo)=VBZF-22+3 7) f(z)= ﬁ 11) flz)=,/E=
9 f@)=-a"+—=  8) j(z)=sin"(3) 12) f(z) = /tan(z)
e 3
Challenge : Derivate the function : f(z) = ((21 = 12;(;;14_ 1)2)
1.39 Determine the stationary points and the turning points of :
1) y=2"-3c2—450+T 3) y—n24 54 5) y=3z° —202% + 1
z
2) y=31"-8r +622 4) y=zx—7 6) y=ux3(4—1)
1. 40 Find the zeroes of the following :
1) —~22% + 3% + 2% 3] _%_%_5_‘3%
T3 T3
: Byt
2) 1.8z + 322 4) -y —z3
1.41 Establish the table of variations of the following functions -
1) y=2°—5z+6 3) y=zi(z—1) 5 y—az+2
2) y=2%—12z 4) y=gx1 -2z 6) y=ﬁ+ﬁ
1.42 Analyse the functions :
1) f{I}zl"g—S.'I‘ 5} f{I:] = I2'T:4
> ?-z42
24 = _ 32 — 5y 42
LR =
3) fla)=vI—22 - z x
oy (m+1)? " _ 2ot 1)
4) flz)= F_Tir10 ) flo) 8(z —1)2
1.43 Analyse, on the interval [0; 2r], the following :
1) f(x) = 3sin(z) +4cos(z __ 1
[ @) (=) 2 9(=) cos(2x)
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1.44

1.45

1.46

1.47

1.48

1.49

1.50

1.51

3
4 doesn’t have any stationary

1) Show that the graph of the function f(z) = z
point.

2) Find the equation of the tangent to f at the point with abscissa 3.
3) Sketch the graph of f and the tangent.
1) We consider the function f(z) = ° + az® + br where a.6 € R. Find the

value of @ and b given that the point T°(1; 1) is a stationary point. Determine

its type.

2) Given that f(z) = 22% + a2® + bz — 5 where a,b € R is tangent to the line
t:y=—205x+4 at the point with abscissa ¢ = —1, determine the value of

a and b.
Determine the equation of the tangent to y = —ﬁi at the point with abscissa 1.
(m+1)?
3z(x — a) ) .
Show that f(z) = g where ¢ € R* has always two stationary points.

Determine the coefficients o, b and ¢ so that the parabola with equation
y = ax? + bx + ¢ passes through the point (5;8) has, at the point (2;2), a tangent
with a slope of —4.

For each of the following, determine, at each point of intersection, the angle between
the curve y = f (x) and the axis O,.

— L it
1) y=2z"-1 3 v= =
22 -4

2) y=x'-522+4 4) VY=

Determine, at their point of intersection, the angle between the curves :
P
1) y=2> and y:-4—+3

2) y=sin(z) and y = cos(z)

3) y=2>—4z and y=2z° - 27°

Determine the value of the real number a so that the graphs of the functions f and
g intersect themselves orthogonally ?

1) f(z)=12* and 9(93)=%—GI2 3) f(xr)=2z* -0 and g(m)=%2

1 -2

2) f(z)=a2® and g(z) =
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1.52 Which illustration contains the graph of a function and its derivative ?

! A 1 A T4
. - ‘
- i
~
h -7 Se |
£ > : = -
— > . 5 B
7 ~
LoX \ 2 |
‘O— \i
~
| i
1 |
A =1 | A
=
| ="
=
A N
" ~
Z - a .
— > >
SN T\
.
. i <
+ <
i 1
‘\
| \ ! 3 L

1.53 Sketch precisely, on the same set of axes, the graph of y = f'(z), ¥ = ¢'(z) and

y = K(z).
9877 5 il LA TR T TR
.ff(d)’kv — } g(a) _: iz J
i "‘ || 24— | \ 2 ¢
= \
‘ \

"

. | i T 0 5 A
4 | 2 ERENTY RETR=SVEIIENE
2 3 I; 2 \22 [ | l
? | | i oS Lf 45 Kt
511150 1 . |
2 T i l ;l
s & = | -6 : " ! 6
{ A [ [ 11 | i
1.54 Sketch precisely, on the same set of axes, the graph of y = f'(z).
| RPN v Py
! ! \ i
' S EIS N
| \ :\\.__
/ ™~ S
14 | —12.| 10 46 | da | B 2 g | \;pm b T
f(z) ; | J
i ] [ |
! i { |
AL EiEE SR
| | (| |
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1.55

1.56

1.57

1.58

1.59

1.60

Sketch precisely, on the same set of axes, the graph of y = f'(xz) as well as the ones
of —f(z), f(z+ 1) — 2 and 2| f(z)|.

) G| R Y L | | T
S | i
i W ) | !
:} J 2 | ! }l 1 + 1
N N 1 0
: “ s —=
4 | - S g | m il b /4// g | 1
=2 S e U wv | e 21 2 YT B S
|
ol L Licle DI L
l % l { l l ‘ { o —
B Y| \ A j
MRS AL il
JEE)T JEETT ; ‘ i
=2 {»\“_,3'4 = = =.
_ EETE= IEE
4 fz,_,; 2 1 8 o | 4 -Iz m'
_2- " j e | S SRS i .Y
‘ | l | [l | gl 1R800 |{1] | W Fvsh S
] I ey == i =
s SIS L RS S8 resisnil f—i | =3
‘ | | [ | B
=13 I R T D o 2=t S - 1 UL

Determine two positive numbers z and y such that their sum equals 10 and the
product 2°y? is maximal.

The capacity of a cylindrical box is 500ml. Determine its height and radius so that
its surface is minimal.

A box (a parallelepiped without lid) is built from a 10cm by 8cm square cardboard.
Four identical squares are cut up at each corner. Then the paper is folded and stuck
together. Determine the measure of the sides of the squares so that the volume of
the box is maximal. Determine the value of the maximal volume.

A rectangular enclosure is adjoining to a wall. So it is only enclosed along three of
its sides.

1) What is the maximal area of this field, given that the enclosure’s total length
is 200m ? ‘

2) What is the minimal length of its enclosure if its area is 300m? ?

We have a metal plate with a 50cm length and a 40cm width. A square with zem
sides is cut at each corner. It is then folded to form a tray with depth xcm.

1) What are the possible values for z ?

2) Determine the value of z which maximize the capacity of the tray.
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1.61 From a ring of string with length 1lm we build a rectangle with a pair of opposite
sides with length xcm. Determine the value of z which maximize the area enclosed
by the string.

1.62 Let's consider the parabola with cquation y = —2? +4 and one of its point P(z;y)
located in the first quadrant. We then draw, under the parabola, a rectangle which
has P as a vertex and which has two of its vertices on the z-axis.

1) Determine the value of  such that the arca of the rect-
angle is maximal, What is the valuc of that arca ? 3

L,c

2) We rotate the rectangle around the y-axis. Calculate
the volume of the obtained cylinder. Then, determine L
the dimensions of the cylinder which maximize its vol- S
ume. What is the value of that volume ? / % ol t ’\

—1 .4

3) We rotate the rectangle around the g-axis. Calculate the volume of the ob-
tained cylinder. Then, determine the dimensions of the cylinder which max-
imize its volume. What its the value of that volume 7

. 4 N
1.63 Find the points of the graph of f(z) = S which are the closest to the origin.

1. 64 We consider a pafabola f(z) = 1 — 2z and one of its point M located in the first
quadrant. The tangent to the parabola at M intersects the O, axis at 4 and the
O, axis at B. Determine the coordinates of point M so that the area of the triangle
OAB is minimal.
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